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The analysis of structural systems is mostly based on the assumption that the parameters are � xed, i.e., de-
terministic values. This contradicts the experience that the structural parameters often may vary (randomly)
considerably. A way to model these uncertainties is to apply probabilistic methods. Two concepts are presented:
The � rst is an engineering tool, which basically performs (weight-controlled) Monte Carlo simulation strategies
using the capabilities of highly developed � nite element programs, e.g., ASKA. A second concept is the stochastic
� nite element method using random � elds that, combined with the response surface method, is a versatile tool
to calculate the probabilities of failure. This approach is coded within the software package COSSAN, a tool
for computational stochastic structural analysis. The feasibility of the concepts is presented using examples from
spacecraft design, e.g., the in� uence of randomly distributed parameters on serviceability of devices mounted on
satellites or the in� uence of randomly varying thickness on the reliability of an axially mounted fuel tank. Both
concepts are shown to be practicable, especially for the design engineer.

Nomenclature
a; b; c = parameters of the response surface for the

limit state function
CZ Z = correlation matrix of Z
D f = failure domain
F = external force vector
FX .x/ = cumulative distribution function
fX .x/ = probability density function
g.X/ = limit state function
H; H = random � eld, correspondingrandom variables

from discretization
I = indicator function
K = stiffness matrix
M = mass matrix
n int = number of integration points
nmodes = number of retained modes
n p = number of points to set up the response surface
n rv = number of random variables
nsim = number of simulations within a Monte Carlo

simulation
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p f = probability of failure
R = linear, nonlinear restoring forces
RH H ; lH = autocorrelationfunction of random � eld and

correlation length
S; s; X; x; = random variables and their realizations
Y; y; Z ; z
t = thickness
u = displacement vector
® = standardized random variable
0; °i = eigenvectors of the reference system
2; µi = eigenvectors in the reduced space
¸; Á; .8/ = eigenvalues, eigenvectors (modes) of the

physical eigenvalue problem
»; ´; ³ = spatial coordinates
8G = standard normal distribution
9 = eigenvectors of the correlation matrix

I. Introduction

T HE analysis of structures becomes increasingly complex. In
early times, structureswere reducedto simplemechanicalmod-

els, e.g., beam models for bridges. The demand for more accuracy
and the development of computers gave way to the possibility for
the analysis of more complex structures, e.g., aerospace structures,
tall buildings, etc. However, all of these calculations are based on
the assumption that the loading as well as the structural properties
can be considered as deterministically � xed values.

Whenapproachingthe limit statesof a structure,it was recognized
that these assumptionsmay no longer be maintained.Consequently,
considerableefforts have been made to allow for random properties
of loads, material, and geometry. These random properties can be
described either in the form of single random variables or as ran-
dom � elds. The assumption that loading and structural parameters
can be described statistically leads to results that are also randomly
distributed.Often efforts are directed toward the computationof the
statistics of the system response in terms of statistical moments or
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sometimes distributionfunctions.Because of the complexity of this
� eld, analyticalstudiesare generallyrestrictedto small systems.For
systems with more than a few degrees of freedom, numerical anal-
yses are necessary. However, these studies not only should allow
for the estimation of the statistical properties of the structural re-
sponse, e.g., displacements, stresses, etc., but also may be used to
evaluate events with low probability, i.e., the probability of failure
as an estimate for the reliability of a structure.

A most practical implementation1 utilizes commercial � nite el-
ement (FE) software, e.g., ASKA.2;3 Here the random properties
are given in terms of user-de� ned random variables that describe
important parameters of the FE model. Each random variable de-
scribes a particular component of the model, e.g., the thickness or
Young’s modulus of elements, etc. For a direct Monte Carlo sim-
ulation (MCS), a preprocessing step provides random sets that are
used in the FE analysis part to compute the structural response.The
results are then visualized by a postprocessor. A special method is
developed to reduce the system size in such a way that the MCS
procedure is particularly suitable for dynamic analysis of large FE
structures, such as spacecraft structures, etc.

Another most useful approach to determine the reliability of en-
gineering structures with possible dynamic and nonlinear behavior
uses the so-called stochastic � nite element method (SFEM), which
is basedon the random� eld concept.For anoverview,see Refs. 4–7.
The procedure as suggested here employs the response surface
method (RSM) (see Refs. 8 and 9) as a tool to determine the limit
state functionandconsequentlytheprobabilityof failure.In this con-
text note that the effort to compute points on the limit state, which
are subsequentlyused by the RSM, increasesquadraticallywith the
number of random variables. Therefore, transformations to the so-
called uncorrelated normal space and, where necessary, sensitivity
analyses, are proposed to identify those random variables that are
expected to have a signi� cant in� uence on the structural response.
This approachis realizedwithin COSSAN, a multipurposeand user-
friendly code for computational stochastic structural analysis.8

For the analysis of extreme events and/or in case of the usage of
materials and components with (highly) nonlinear restoring-force
characteristics, it is important to use suitable analysis models. For
example, ultimate failure might occur only after plastic deforma-
tion, or special damping devices might react only in extreme cases.
In those cases nonlinear models must be considered in the analysis,
and hence the numerical computation of results is highly time con-
suming.On theotherhand,for structuresmodeledby � niteelements,
in many cases linear analysisproceduresalready yield suf� cient in-
sight to the problem.Therefore, in this paperonly examplesof linear
systems are investigated, although both approaches allow for non-
linear analyses as well. These examples show the applicability and
respective advantages of the approaches as presented.

II. Methods of Analysis
A. Direct Monte Carlo Simulation and Importance Sampling

A possibility to take into account uncertainties in a system is to
model important parameters in terms of random variables X i . They
are statistically de� ned by their probability density function (PDF)
fX i .xi / or the cumulative distribution function (CDF),

FXi .xi / D
xi

¡1
fX i .Â/ dÂ .1/

respectively.
The structural analysis can be regarded as a function r.X1; : : : ;

Xnrv /, which maps the random variables X i to the result Y D r.X1,
: : : ; Xnrv /. Thus, it can be seen clearly that every result Y yielded
by the analysis is also of a statistical nature and can be described
by its PDF or CDF, respectively.Because of the complexity of the
functionr in thecaseof reasonablycomplexproblems,it is generally
impossible to � nd an analytical solution for the PDF or CDF of the
results Y . Therefore, a numerical evaluation is needed.

The most directway to perform this task is to applyMCS. For nsim

simulations,realizationsxi j with i D 1; : : : ; nrvI j D 1; : : : ; nsim of
the randomvariables X i are generated,taking into account their dis-
tribution and correlation. To each realization x j D .x1 j ; : : : ; xnrv j /,
a correspondingresult y j D r.x j / is calculated.

The objective of a statistical analysis is to obtain the distribution
CDF FY .y/ of the result Y . Numerically this can be accomplished
with

FY .y/ D 1
nsim

nsim

j D 1

I .y ¡ y j / .2/

where I is an indicator function, such that I D 1, if its argument is
greater than zero, and I D 0 elsewhere.

An inherent drawback of Monte Carlo procedures is the associ-
ated statistical uncertainty of the estimates due to the � nite sample
size. One obvious way of reducing statistical uncertainty is to in-
crease the sample size. However, in many cases this may not be
very economical because there is a square root relationship (with
respect to the variance) between the estimated error and the sample
size. A way to circumvent an impractical or infeasible sample size
is to change or distort the original problem in such a manner that
the uncertainty in the estimate of the result is reduced in the area
of major interest. Such procedures are called variance reduction
techniques.10;11 For example, the widely applied so-called impor-
tance sampling technique uses a sampling density function fh.x/
that might differ considerablyfrom the original function fX .x/. The
objectiveis to concentratethe distributionof the sample pointsin the
domain of major importance. This can be done without distorting
the original estimate by modifying the weight of the realization by
fX .x/= fh.x/. For example, low probability quantities such as fail-
ure probabilities usually are estimated with the following unbiased
estimator:

p f D
1

nsim

nsim

j D 1

I .y j ; D f / (3)

I .y j ; D f / D
1 for y j 2 D f

0 else
(4)

More advantageouslythey are determinedby importancesampling:

p f D 1
nsim

nsim

j D 1

fX .x j /

fh.x j /
¢ I .y j ; D f / .5/

where the sampling density fh.x/ is selected such that a consider-
able part of the generatedsample falls within the failure domain D f .
The jointprobabilitydensityfunctionscan herebybedeterminedus-
ing the Nataf model.12;13 However, it is not a straightforward task
in all cases to determine a suitable, i.e., optimal, sampling density
function.14 Especially in cases where the relation between the in-
put vector X j and the response vector Y j is not clear cut, it may
be rather dif� cult to establish a suitable sampling density. This dif-
� culty can be avoided, at least partially, by utilizing an adaptive
importance sampling procedure.15 The ef� ciency of the adaptive
sampling procedure depends very much on the number of random
variables involved; in other words on the dimension of the vector
x. In realistic problems, considerable effort is required to keep the
number of random variables as small as possible. Sensitivity analy-
ses and parameter studies may be used to achieve this goal.

B. Uncertainty Modeling Utilizing Commercial
Finite Element Packages

To utilizecommercialFE packagesin an MCS without signi� cant
changes in the internal structure of the FE analysis part, three steps
have to be performed: 1) generation of samples (preprocessing), 2)
loop of nsim distinct FE analysis runs, and 3) evaluation of results
(postprocessing).

These steps are implemented in almost independent programs
and organized by a surrounding shell. Note that the FE data are
simply modi� ed for the MCS. This has the advantage that they do
not have to be exportedthroughan interface,which is often dif� cult,
especially for larger structures.

It is clear that the aforementioned way of direct MCS is a very
time-consumingprocedure.As the statisticalerror of the simulation
decreasesonly with an increasingnumber of simulations, for a high
accuracyof the results,many simulations,i.e., FE computations,are
necessary.To reduce the extremely time-consuming computational
effort, either the simulation part has to be reformulated such that
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only the regionof interest is covered,or the computationof the � nite
element part has to be accelerated. The � rst idea leads to advanced
MCS, as described earlier.

A concept for the reduction of computer time within the FE part
in the case of linear dynamic analysis is indicated in Ref. 16. The
problemof interest is how to reduce the computationaltime to solve
repeatedly the eigenvalue problem of linear dynamics,

K j Ák j D ¸k j M j Ák j .6/

where Ák j and ¸k j are the kth eigenvectorand eigenvalue of the j th
simulation realization, respectively.

To avoid the repeated setup of the matrices, one may assume that
the in� uence of the random variables on the mass M and stiffness
K matrices can be approximated by a � rst-order Taylor series, i.e.,

M j D M0 C
nrv

i D 1

®i j 1Mi .7/

with

M0 D M.¹X i /; 1Mi D ¾Xi ¢ @M
@ X i ¹X i

; ®i j D
xi j ¡ ¹Xi

¾Xi

(8)

where M0 is the reference mass matrix, obtained using the mean
values ¹X i of the considered random variables X i , and 1Mi is the
differentialmatrices. The relations for the stiffness matrix are anal-
ogous.

A major reduction in computationaltime can be achieved if these
truncated Taylor series are transformed to a reduced, generalized
space. This is possible if we assume that only the � rst few modes
are of interest. For this purpose, the eigenvalueproblemof the refer-
encesystemis solvedfor the � rstnmodes modes,leadingto a truncated
eigenvector matrix 0 D [°1; : : : ; °nmodes ]. By pre- and postmultipli-
cation of the series with this truncated matrix, i.e., OM D 0T M0,
one obtains the reduced matrix

OM j D OM0 C
n rv

i D 1

®i j 1 OMi .9/

Because 0 is the mode matrix of the reference system (K0 and
M0 ), the preceding multiplication results in diagonal matrices OK0

and OM0. However, the differential matrices 1 OMi and 1 OKi are not
diagonal.Thus in eachsimulationrealizationthe reducedeigenvalue
problem

OK j µk j D ¸k j
OM j µk j ; k 2 [1; : : : ; nmodes] .10/

has to be solved, resulting directly in the eigenvalues ¸k j of the
system. The eigenvectors µk j are assembled in the matrix 2 j . The
modes 8 j of the j th simulation are simply obtainable by the back
transformation

8 j D 02 j .11/

Note that for large systems the solutionof the eigenvalueproblem
is computationally the most crucial part of the solution. Once a
reduced set of eigenvectors and eigenvalues is available, one can
easily proceed to evaluate the dynamic response of the system due
to dynamic loading as described in textbooks such as Ref. 17.

C. Reliability Analysis Using the Stochastic Finite
Element Method (COSSAN)

The computation of the reliability of a structure in terms of the
probabilityof failure generally requires the evaluationof the multi-
dimensional integral11

p f D
D f

fX.x/ dx .12/

where fX denotes the joint probabilitydensity functionof the vector
of randomvariablesX. The integrationhas to be performedover the
failure domain D f , which is usually bounded by means of the limit
state function,

g.X/ D 0 .13/

By convention, g.X/ is de� ned as follows:

g.X/ D
·0 failure

>0 safe state
.14/

For smallandsimple,mostly academic,typesof structuralproblems,
it is often possible to analytically compute the limit state function.
However, if the model consists of more than a few degrees of free-
dom or if it shows complex behavior, an explicit limit state function
can be derived in very few cases only.9 Usually, g.X/ D 0 can only
be computed pointwise for such structures.

At this stage, the RSM may be advantageouslyemployed to � t a
suitable interpolation function through these points, which is then
used instead of the actual limit state function to compute p f . From
the point of view of mathematical tractability, polynomials are the
� rst choice. Because a linear function cannot account for interac-
tions between two random variables and, therefore, possibly ne-
glects signi� cant contributionsto the probabilityof failure, second-
order polynomials are often used, i.e.,

Ng.X/ D a C
n rv

i D 1

bi xi C
n rv

i D 1

nrv

j D 1

ci j xi x j .15/

Lowercase letters represent realizations, e.g., xi , of a random vari-
able X i , stored at location i in the random vector X. To obtain all
coef� cients (except a) of the second-orderpolynomial (15) from a
determined system of equations,

n p D nrv C
nrv.nrv C 1/

2
.16/

interpolationpoints are necessary.Because the determinationof the
limit state points is by far the computationallymost expensive task
in the whole reliability analysis, the amount of computationaleffort
may reach the magnitude of direct MCS if the number of random
variables to be considered is high. However, if only a few random
variablesare important, the responsesurface method is a promising
tool for reliabilityanalysis.Itsweakpointmay be seen in the fact that
the error cannot be quanti� ed without knowing the real limit state
function. However, in most practical cases, it should be suf� ciently
smooth and convex to keep the errors low.

Consider now the matrix equation of motion for a nonlinear, dy-
namically excited structure,

M Ru C R. Pu; u/ D F.t/ .17/

which must be solved repeatedly to compute points on the limit
state. In the most general case, the mass matrix M, the vector of
restoring forces R, and the applied forces F include randomness.
To account for structural randomness with spatial correlation, the
SFEM which is based on the random � eld concept, is employed.
Random � elds are a suitable tool to model the spatially correlated
stochasticity of structural parameters. A random � eld Hrf.»; ´; ³ /
is a continuous function in terms of the geometric coordinates » ,
´, and ³ , whereas the � nite element method, by its principle, is a
discrete method. Hence, the random � eld must also be discretized
into a set of random variables Hi .

The integrationpoint method allows such a discretization,which
combines accuracy of representation with the advantages of point
discretizationmethods,4;18 i.e., the random� eld is discretizedat the
� nite element integration points,

Hi D Hrf.»i ; ´i ; ³i /; i D 1; : : : ; nint .18/

The correlationin space is describedby the autocorrelationfunction
RH H of the random � eld. An important parameter of RH H is the
correlationlengthlH (Ref. 19). If lH , representingthemeasurefor the
spatial correlation,is suf� cientlylong, i.e., if the mutual dependency
of two valuesat two random� eld pointswith a � xed distanceis high,
the midpoint method proves to be adequate.4 In the latter case, nint

would be the number of considered elements.
Because discretization of a random � eld generally produces a

large number of random variables, the ef� ciency of the applica-
tion of the RSM requires a signi� cant reduction of the number of
randomvariables.To obtainuncorrelatedGaussian variables,a two-
step transformation of the vector of original random variables, H,
with joint cumulative distribution function FH.h/ is employed. If
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H is not normally distributed, the Nataf model12 ;13 is used for a
transformation to the correlated Gaussian space, i.e.,

Z i D 8¡1
G FHi .Hi / .19/

The applicationof this model is based on the assumption that FH.h/
can be described by its marginal distributionfunctionsand that Z is
jointlyGaussian.To performa transformationto uncorrelatedGaus-
sian randomvariables X i , the correlationmatrix CZ Z is decomposed
by the solution of a standard eigenvalue problem,

CZ Z D W Z SCSS W
T
Z S .20/

The correlationmatrix CSS is a diagonalmatrix, where the diagonal
elements, CSS.i; i/, represent the variances of the random variables
Si . Arranging these elements according to their value, it can be
seen that, except for very short correlation lengths, a few random
variables S suf� ce to describe the � uctuationsof the random � eld to
a high degree of accuracy. Hence, random variables with relatively
small variancesmay bedisregardedin the furtherreliabilityanalysis.
After generatingsamples, the backtransformationis then performed
by consideringthe nrv most important randomvariableswith respect
to the random � eld description by

z D W Z S;nrv sn rv .21/

and if the original randomvariablesare non-Gaussian,subsequently
by

hi D F¡1
Hi

[8G .zi /]; i D 1; : : : ; nint .22/

If a random dynamic loading is applied to the structure, or if the
structure exhibits nonlinear behavior, sensitivity analyses in terms
of principal component analysis may be utilized to further reduce
the number of random variables to be considered by comparing
their in� uence on the response of the structure.4 Despite identical
variance, the in� uence of two random variables Si and S j on the
responsemay be differentdue to ampli� cationor weakeningeffects.
These effects may be caused by the respectiveboundary conditions
and the degree of similarity between the shape of the random � eld
and, for example, the eigenvectorshapesof a structure.For the static
load case, however, an additional sensitivity analysis would require
too much computational effort.

To determine points on the limit state function, which will be
approximated by a second-order polynomial [Eq. (15)], two out of
the n rv random variables are considered at a time. All other ran-
dom variables are kept at their mean value. After a limit state cri-
terion is de� ned, the values of these two random variables are now
adapted by means of a modi� ed bisection method until the limit
state is approached with suf� cient accuracy. For every adaptation,
the response of the system has to be evaluated by a stochastic � -
nite element computation in the Monte Carlo sense; i.e., a random
� eld realization is generated, the structural matrices are set up, and
the resulting equation of motion is solved in a quasideterministic
manner for this sample.

III. Numerical Examples and Results
A. General Remarks

Three typical examples from spacecraft structural design are
shown in this section. The � rst example compares deterministic
considerationswith the much more sophisticatedprobabilisticanal-
ysis of a sandwich plate on which different items are mounted.
The second example shows one of the probabilistic analyses with
a small satellite structure. For both examples the engineering tool
ASKA RV2 is utilized.

The third example shows an application of the SFEM in com-
bination with the RSM. A polar-mounted fuel tank with thickness
variations is presented. All calculations for this example are per-
formed by means of the code COSSAN.8

B. Devices on a Sandwich Plate
Ten boxes containing either electronic devices or small experi-

mental setups are accommodated on a sandwich plate with 1.0-m
edge length. The model is shown in Fig. 1. One of the experiments
contains a pump causing harmonic excitation at three different fre-
quencies, each having an amplitude of 1.0 N in x and z directions

Table 1 Assumed variations of the sandwich plate example

Coef� cient of
Input variable Distribution Mean variation, %

Young’s modulus Uniform 2 £ 1010 N/m2 25
face sheet

Edge support rotational Normal 1 £ 104 Nm/rad 10
stiffness

Young’s modulus plate Uniform 6 £ 1010 N/m2 8
box 5

Beam inertia box 5 Normal 6 £ 10¡8 m4 10
Beam inertia box 8 Normal 14 £ 10¡7 m4 10
Beam inertia box 10 Normal 14 £ 10¡7 m4 10

Fig. 1 Sandwich plate with 10 experiment boxes.

(phase lag: 90 deg). Interface forces an accelerations in the z di-
rection at the excitation source shall be calculated. Furthermore, z
accelerations at interfaces of boxes 8, 9, and 10 are of interest.

The � rst eigenfrequencyof the sandwichplate is approximatelyat
40 Hz. Because of variations in the carbon � ber-reinforcedplastics
face sheet stiffness, this value may vary. In addition the rotational
support stiffness at its edges is uncertain. All boxes have eigen-
frequencies above 100 Hz. They are represented by simple models
consisting of one plate and four beam elements (see Fig. 1). Vari-
ations in the beam properties are assumed for boxes 5, 8, and 10.
The plate of box 5, accommodatingthe pump, is modeledusing four
plate elements. The stiffness uncertainty is re� ected in the de� ned
range for the Young’s modulus of the plate. Finally, the excitation
frequency may vary §2%. Therefore, three intervals are selected
in the frequency response calculation: 65–67, 108–112, and 216–

224 Hz. For each interval the response at the center and its bound-
aries is calculated. Eigenfrequencies are added if identi� ed within
the intervals. All results presented next correspond to the highest
response value at three or more excitation frequencies in each inter-
val. The assumed random parameters (the variations are obtained
from Ref. 20) are listed in Table 1.

At the beginning of the study, an MCS with 250 simulations is
performed.From this, using correlationplots, we evaluate which of
the random variables affects which particular result. By doing so, it
is found that because the box 5 plate has no eigenfrequenciesbelow
100 Hz, its stiffness is not correlated with the interface force.

On the other hand, the sandwich plate stiffness has a signi� cant
in� uence (although the linear correlation coef� cient c xy is rather
small). It can be seen in Fig. 2 that the extreme force at 66 Hz is
strongly related to the face sheet stiffnessof the sandwichplate.The
largest values are found in the interval range in the marked region.
However, the number of points in this interval is not suf� cient yet to
derive a force levelwith low failureprobability,e.g., p f D 3 £ 10¡3.
Therefore another 200 simulations are performed using importance
sampling. For the face sheet’s Young’s modulusa uniformsampling
density function is selected in a limited interval from 12:9 £ 109

to 14:8 £ 109 N/m2 . Based on the additional simulation results and
usingas the failureconditionthe case that the interfaceforce exceeds
2.39 N, the probabilityof failurecan be estimatedas 3:8 £ 10¡3 with
a statistical error of 9:3 £ 10¡5 . In comparison, in a deterministic
analysis using the mean values of the random variables, where the
interfaceforce is calculatedas 1.78 N and then multipliedby a factor
of safety of 1.5 (as is often used in spacecraft design), one would
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Fig. 2 Correlation of 66-Hz interface force and sandwich plateYoung’s
modulus (box 5).

Fig. 3 Correlation of box 9 interface acceleration and sandwich plate
Young’s modulus.

identify a design interface force of 112% of the value obtained by
importance sampling (2.39 N).

As mentionedearlier, the interfaceaccelerationsat the boxes8, 9,
and 10 are also of interest. Here it is found that at such a frequency,
where responsesdepend very much on local modes, the accuracyof
deterministic FE analyses is limited. The results from an MCS are
discussed later.

Correlation plots as shown in Fig. 3 are typical for all boxes.
It is found that the face sheet stiffness of the sandwich panel has a
strong in� uenceon the results.The waveformin thecorrelationplots
is obtainedbecauseseveral resonancemodes could shift towards the
excitationfrequencyif the sandwichpanel changesits stiffness.Fig-
ure 3 shows the extreme interface acceleration obtained at box 9.
Again importance sampling is applied to calculate an acceleration
level that is exceeded with a probability of 3 £ 10¡3. Another 200
simulations are performed with a uniformly distributed face sheet’s
Young’s modulus in an interval of 19:9 £ 109 to 21:5 £ 109 N/m2.
The desired acceleration level is found to be 2.87 m/s2 with a
probability of failure of p f D 2:98 £ 10¡3 and a statistical error
of 7:8 £ 10¡5 . Again the result is compared with a deterministic
analysis using the mean values of the random variables. Here, the
acceleration is 2.51 m/s2 , which when multiplied with a factor of
safety of 1.5 yields 3.77 m/s2 as a design acceleration.

Both examples indicate that the currently used factor of safety
of 1.5 is rather conservative. However, the situation would change
considerablyif the nominal face sheet stiffness would drop to 70%
of its originalvalue. In the deterministicanalysis the interfaceaccel-
eration at box 9 would reduce to 0.74 m/s2 . If the uncertainty level
would be maintained, a factor of safety would not be suf� cient for
a design with a low failure probability. This shows clearly that the
currently used global safety factor in some cases may either over-
or underestimate the response. A probabilistic analysis as shown
here, however, may re� ect the physical phenomenon more accu-
rately. The overall computationtime of 1.5 h for the simulationwith
200 samples seems to be acceptable for the practicing engineer.

Table 2 Parts of the small demonstration spacecraft

Part Material

Central cylinder Honeycomb cylinder
Lower � oor Honeycomb plate
Upper � oor Honeycomb plate
Outer panels Honeycomb plates
Solar arrays Two stacks
Shear panels Honeycomb plates

Table 3 Assumed variations of the satellite example

Coef� cient of
Input variable Distribution Mean, mm variation, %

Face sheets central cylinder Normal 0.60 10
Face sheets shear walls Normal 0.30 3
Face sheets lower � oor Normal 0.50 10
Face sheets Y panels Normal 0.30 10

Fig. 4 Model of the small demonstration spacecraft.

C. Small Demonstration Spacecraft
As a second example a small demonstration spacecraft is used.

Frequency response functionsare evaluated,especiallywith the ob-
jective of identifying the reliability of the serviceability criteria of
one of the antennas. The parts are similar to real spacecraft parts as
listed in Table 2 and sketched in Fig. 4

Four propellant tanks are modeled as lumped masses attached on
struts to thecentralcylinder.Furthermoresecondarystructuralitems
such as antennas,reactionwheels,batteries,and electronicboxesare
modeled. The dynamic behavior of this FE model is representative
for this type of telecommunicationsatellite.

It is assumed that the appliedrandomvariablesas listed in Table 3
are not correlated,as the productionprocess as well as the materials
differ from each other.

The excitation at the launcher interface is a prescribed sinusoidal
accelerationof 1 g. The frequency response is calculatedwithin the
range 1–50 Hz. A modal damping coef� cient of 2% is introduced
for all modes.

The conditionof failure shall be the loss of the serviceabilityof an
antenna.This occurs if the localaccelerationof the receiver is higher
than 115 g. The deterministic analyses show that this event may
happenin the frequencyrangeof 45–50 Hz. Thereforethe maximum
acceleration in this range has been chosen as a response request.

In a � rst step a direct MCS is performed, where all mentioned
variables were used. The results show a strong correlation of the
face sheet thickness of the lower � oor with the maximum ampli-
tude, whereas the other random variables seem to have no in� u-
ence. However, it can be seen in Fig. 5 that the failure event occurs
in the tail region of the distribution of the maximum acceleration.
Therefore the sample size is insuf� cient, and the importance sam-
pling technique has to be applied. The sampling mean value of the
face sheet thickness distribution of the lower � oor is shifted to 0.6
mm. This value has been selected from correlation plots. The stan-
dard deviation of the sampling is changed to 0.01 mm (it was 0.05
mm before). The result of this procedure is shown in Fig. 6. (Note
that the > signs denote the 115-g mark.) The probability that the
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Fig. 5 Correlation of the lower � oor face sheet thickness with the ex-
treme acceleration at the receiver.

Fig. 6 Result of the small demonstration spacecraft analysis.

acceleration of the receiver exceeds 115 g can then be estimated to
p f D 1:9 £ 10¡2 with a statistical error of 0.5%.

Finally, note that the straightforward simulation procedure for
the solution of this problem takes about 7 h for a sample size of
200. However, by applying the reduction technique as presented in
Sec. II.B, the computation time can be reduced to 1 h with similar
accuracy.

D. Fuel Tank Model
Finally, a typical example for the application of random � elds in

the � eld of spacecraft design is the model of a fuel tank exposed to
internalpressure.A model of a fuel tank as shownin Fig. 7 is consid-
ered for the following numerical studies. The tank consists of three
parts, i.e., two sphericalpartswith radiusof 0.5 m and wall thickness
ts D 1 mm, which are connected by one cylindrical part with radius
of 0.5 m, length of 0.2 m, and wall thickness tc D 2 mm. The model
is discretized using three-node shell elements with six degrees of
freedom per node and 26 integration points.8 Each half-sphere is
modeled with 900, the cylinder with 1536 elements. The model has
10,020 active degreesof freedom. The tank is polar mounted. Axial
expansion is not suppressed.

The load on the tank is assumed to be caused by internal pressure.
It is assumed that the tank is made of titanium, with a Young’s
modulus of 1:052 £ 1011 N/m2, a Poisson ratio of 0.33, and a yield
stress of 3:9 £ 108 N/m2 .

During this investigation,the only parameter that is consideredto
vary randomly is the tank wall thickness.At this stage the uncertain-
ties of all other parameters, like Young’s modulusor the yield stress,
are neglected.The uncertain thickness of the model is expressedby
the applicationof random � elds, exempli� ed in Fig. 7 for the cylin-
der part. Note that the values of the random � eld sample are shown
in an ampli� ed form and added to the nodal coordinates in terms
of displacements perpendicular to the surface of the tank. This has

Fig. 7 FE model of a polar-mounted fuel tank. A random � eld is visu-
alized as displacements on the cylinder part.

been done using a special kind of random � eld for visualization
purposes only.

Three different, statistically dependent, isotropic, homogeneous
and zero mean random � elds are used, one for the cylinder part
and one for each half-sphere.The dependence is such that one ran-
dom variable in� uences all � elds at the same time correspondingto
the production process, where all parts are produced by the same
machine. For instance, the variability of the wall thickness of the
cylinder is described by

tc.»; ´; ³ / D t0;c[1 C Hc.»; ´; ³ /] .23/

where t0;c is the mean value and Hc the random � eld de� ned for the
elements of the cylinder. An autocorrelation function of an expo-
nential type is used to model the spatial correlation of the random
� elds, i.e.,

RH H D ¾ 2
H H exp

³
¡

k»k
lH

´
.24/

where

k»k D .»i ¡ » j /2 C .´i ¡ ´ j /2 C .³i ¡ ³ j /2 .25/

is the absolute distance between two points of a random � eld.
Each random� eld is characterizedby a coef� cient of variationof

1%, i.e., a standard deviation of ¾H H D 0:01 £ t0 and a correlation
length of lH D 0:5 m. The midpoint method was used because the
correlation length is suf� ciently large in comparison to the element
size. With this correlation length and for the given FE model, the
three most important uncorrelated Gaussian random variables, as
obtained by means of the transformations (19) and (20), account
for approximately 60–70% of the random � eld’s � uctuations (see
Fig. 8).

As the limit state criterion, the exceeding of the so-called max-
imum acceptable stress equal to the deterministic yield stress is
chosen. Using this model, one can calculate the reliability of the
structure, conditional on the assumption of randomness only in the
thicknessof the tank. In a � rst investigationwith three random vari-
ables, the pressure was varied until a target failure probability of
p f ¼ 10¡6 or lower was reached. During this investigation it was
found that the failure probability is quite sensitive to the loading.
Meaningful results were then obtained for an internal pressure of
pi D 12:15 £ 105 Pa. Using this value for the deterministic compu-
tation as well as the mean values of the thickness,a maximum stress
of S D 3:74 £ 108 N/m2 results for the given loading conditions.
This value is only 4.2% below the yield stress of the material.

Depending on the number of important uncorrelated Gaussian
random variables that are considered for determinationof points on
the limit state function, the resulting probability of failure varies
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Table 4 Probability of failure vs number of random variables
(RVs) per random � eld and CPU time approximately required

on a workstation HP 9000 735

Number of RVs: 2 3 4 5

CPU time, days —— 1.9 2.8 4.5
p f £ 10¡7 1.39 1.82 2.12 3.10
Statistical error, % 2.0 3.5 3.6 2.8
Number of points 5 9 14 20

Fig. 8 Percentage of random � eld description vs number of random
variables.

between 1.39 and 3:1 £ 10¡7 . However, all calculations yield the
same order of magnitude. Table 4 gives an overview of the results
using a different number of random variables per random � eld.

To compute one point on the limit state, on a workstation of
type HP 9000 735, approximately 5 h of CPU time were required.
The time is required mainly for solving repeatedly the stochastic
� nite element equation system. In contrast to this, the need of CPU
time for the application of the response surface and the calculation
of the failure probability is negligible.Hence, the analysiswith � ve
random variables takes more than four days.

Finally, note that the high computation time is caused by the size
of the system matrices and not by the application of the random
� eld model. However, the discretizationof the random � eld models
demandsalmostthe sameportionofstoragecapacityof thecomputer
as the FE model itself. Hence, for practical purposes the number of
random � elds in a model as well as the number of important random
variables that re� ect them must be considered carefully.

IV. Conclusions
Two differentapproachestoward modelingof uncertaintyapplied

to spacecraft structuresare shown in this study. Based on the results,
the following conclusions are obtained.

The � rst approach is to use MCS techniques for the stochastic
analysis of the structure. Direct MCS is applied to obtain some in-
formation on the correlation between the applied random variables
and the structural response and thus to identify important regions
where failure could occur. The results of the examples show that
the obtained correlation structures cannot be re� ected well by cor-
relation coef� cients to automatically evaluate important regions.
In the identi� ed important region a manually adjusted importance
sampling procedure is performed to calculate failure probabilities.
Moreover, a concept is described to reduce the computationaleffort
in case of large linear structures. Two examples are presented for
this approach(in this case both are analyzedusing ASKA RV; how-
ever, the approach is easy to extend to other types of FE packages).
1)A sandwichpanelwith differentelectronicboxesandexperiments
is applied to compare deterministic reasoning with a probabilistic
analysis. 2) One part of the dynamic analysis of a small demon-
stration spacecraft is presented. It is found that this approach is
convenient to be applied by design engineers and at the same time
is extremely versatile due to its simplicity.

The second approach utilizes the response surface method to de-
scribethe limit state functionbetweenthe safedomainand the failure
domain.This methodin combinationwith the random� eld approach
of stochastic � nite elements allows for a good estimation of failure

probabilities. The methods are integrated in the software environ-
ment COSSAN. This is basically an all-in-one software, i.e., it al-
lows for direct interactionbetween different � elds of analysis, e.g.,
FE and probabilisticparts, respectively.Furthermore,COSSAN has
also a user interface that enables direct access to numerical values
during the analysis. As an example the model of a fuel tank with
internal pressure is treated.

Acknowledgments
This work is partially supportedby the European Space Agency,

Contract 11810/96/NL/JG, and the Austrian National Space Pro-
gram, and that support is gratefully acknowledged by the authors.

References
1Pradlwarter, H. J., Diez, R., Klein, M., and Schuëller, G. I., “On Engi-
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merical Evaluation of the Variation of the Response of Dynamical Systems
Due to Parameter Uncertainties,” Proceedings of ESREL, edited by I. A.
Watson and M. P. Cottam, Vol. 1, Chameleon Press, England, 1995, pp.
203–215.

17Clough, R. W., and Penzien, J., Dynamics of Structures, 2nd ed.,
McGraw–Hill, New York, 1993.

18Brenner, C. E., and Bucher, C., “A Contribution to the SFE-Based Reli-
ability Assessment of Nonlinear Structures UnderDynamic Loading,” Prob-
abilistic Engineering Mechanics, Vol. 10, 1995, pp. 265–273.

19Schuëller, G. I., and Brenner, C. E., “Stochastic Finite Elements—A
Challenge for Material Science,” Advances in Building Material Science,
edited by A. Gerdes, Aedi� catio Publ., Freiburg, Germany, 1996, pp. 259–

273.
20“Dimensioning of Spacecraft Structures for Transient Flight Events

and Associated Testing,” Aerospatial Rept., Doc. SE/TMA/5532, Ed. 1,
Aug. 1993.

A. D. Belegundu
Associate Editor


