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The analysis of structural systems is mostly based on the assumption that the parameters are fixed, i.e., de-
terministic values. This contradicts the experience that the structural parameters often may vary (randomly)
considerably. A way to model these uncertainties is to apply probabilistic methods. Two concepts are presented:
The first is an engineering tool, which basically performs (weight-controlled) Monte Carlo simulation strategies
using the capabilities of highly developed finite element programs, e.g., ASKA. A second concept is the stochastic
finite element method using random fields that, combined with the response surface method, is a versatile tool
to calculate the probabilities of failure. This approach is coded within the software package COSSAN, a tool
for computational stochastic structural analysis. The feasibility of the concepts is presented using examples from
spacecraft design, e.g., the influence of randomly distributed parameters on serviceability of devices mounted on
satellites or the influence of randomly varying thickness on the reliability of an axially mounted fuel tank. Both
concepts are shown to be practicable, especially for the design engineer.

Nomenclature

a,b,c = parameters of the response surface for the
limit state function

Cy; = correlation matrix of Z

Dy = failure domain

F = external force vector

Fy(x) = cumulative distribution function

fx(x) = probability density function

g(X) = limit state function

H H =random field, corresponding random variables
from discretization

1 = indicator function

K = stiffness matrix

M = mass matrix

Mine = number of integration points

M modes = number of retained modes

n, = number of points to set up the response surface

= number of random variables

= number of simulations within a Monte Carlo
simulation
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D = probability of failure

R = linear, nonlinear restoring forces

Ryu,ly = autocorrelation function of random field and
correlation length

S, s, X, x, =random variables and their realizations

Y, v,Z,z

t = thickness

u = displacement vector

o = standardized random variable

I,y = eigenvectors of the reference system

0,6 = eigenvectorsin the reduced space

A, ¢, (@) =eigenvalues,eigenvectors (modes) of the
physical eigenvalue problem

&En ¢ = spatial coordinates

[o¥ = standard normal distribution

v = eigenvectors of the correlation matrix

I. Introduction

HE analysis of structures becomes increasingly complex. In

early times, structures were reducedto simple mechanicalmod-
els, e.g., beam models for bridges. The demand for more accuracy
and the development of computers gave way to the possibility for
the analysis of more complex structures, e.g., aerospace structures,
tall buildings, etc. However, all of these calculations are based on
the assumption that the loading as well as the structural properties
can be considered as deterministically fixed values.

When approachingthe limit states of a structure, it was recognized
that these assumptions may no longer be maintained. Consequently,
considerableefforts have been made to allow for random properties
of loads, material, and geometry. These random properties can be
described either in the form of single random variables or as ran-
dom fields. The assumption that loading and structural parameters
can be described statistically leads to results that are also randomly
distributed. Often efforts are directed toward the computation of the
statistics of the system response in terms of statistical moments or
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sometimes distribution functions. Because of the complexity of this
field, analytical studies are generallyrestricted to small systems. For
systems with more than a few degrees of freedom, numerical anal-
yses are necessary. However, these studies not only should allow
for the estimation of the statistical properties of the structural re-
sponse, e.g., displacements, stresses, etc., but also may be used to
evaluate events with low probability, i.e., the probability of failure
as an estimate for the reliability of a structure.

A most practical implementation' utilizes commercial finite el-
ement (FE) software, e.g., ASKA.?3 Here the random properties
are given in terms of user-defined random variables that describe
important parameters of the FE model. Each random variable de-
scribes a particular component of the model, e.g., the thickness or
Young’s modulus of elements, etc. For a direct Monte Carlo sim-
ulation (MCS), a preprocessing step provides random sets that are
used in the FE analysis part to compute the structuralresponse. The
results are then visualized by a postprocessor. A special method is
developed to reduce the system size in such a way that the MCS
procedure is particularly suitable for dynamic analysis of large FE
structures, such as spacecraft structures, etc.

Another most useful approach to determine the reliability of en-
gineering structures with possible dynamic and nonlinear behavior
uses the so-called stochastic finite element method (SFEM), which
isbasedon therandom field concept. For an overview, see Refs. 4-7.
The procedure as suggested here employs the response surface
method (RSM) (see Refs. 8 and 9) as a tool to determine the limit
state functionand consequentlythe probability of failure. In this con-
text note that the effort to compute points on the limit state, which
are subsequentlyused by the RSM, increases quadratically with the
number of random variables. Therefore, transformations to the so-
called uncorrelated normal space and, where necessary, sensitivity
analyses, are proposed to identify those random variables that are
expected to have a significant influence on the structural response.
This approachis realized within COSSAN, a multipurposeand user-
friendly code for computational stochastic structural analysis.®

For the analysis of extreme events and/or in case of the usage of
materials and components with (highly) nonlinear restoring-force
characteristics, it is important to use suitable analysis models. For
example, ultimate failure might occur only after plastic deforma-
tion, or special damping devices might react only in extreme cases.
In those cases nonlinear models must be consideredin the analysis,
and hence the numerical computation of results is highly time con-
suming. On the otherhand, for structuresmodeled by finite elements,
in many cases linear analysis proceduresalready yield sufficient in-
sightto the problem. Therefore, in this paperonly examples of linear
systems are investigated, although both approaches allow for non-
linear analyses as well. These examples show the applicability and
respective advantages of the approaches as presented.

II. Methods of Analysis

A. Direct Monte Carlo Simulation and Importance Sampling

A possibility to take into account uncertainties in a system is to
model important parameters in terms of random variables X;. They
are statistically defined by their probability density function (PDF)
fxi(x;) or the cumulative distribution function (CDF),

Fr() = / Fe () dx 1

respectively.

The structural analysis can be regarded as a function r (X1, .. .,

X, ), which maps the random variables X; to the resultY = r(X|,

, X, ). Thus, it can be seen clearly that every result ¥ yielded
by the analysis is also of a statistical nature and can be described
by its PDF or CDF, respectively. Because of the complexity of the
functionr inthe case of reasonablycomplex problems, itis generally
impossible to find an analytical solution for the PDF or CDF of the
results Y. Therefore, a numerical evaluation is needed.

The most direct way to perform this task is to apply MCS. For ng;n,
simulations,realizationsx;; withi = 1,...,n.; j =1, ..., ngyof
the random variables X; are generated, taking into accounttheir dis-
tribution and correlation. To each realizationx; = (X}, ..., X, ),
a correspondingresult y; = r(x;) is calculated.

The objective of a statistical analysis is to obtain the distribution
CDF Fy(y) of the result Y. Numerically this can be accomplished
with

1 Nsim
PIRLCERD) @)
i=1
where [ is an indicator function, such that / = 1, if its argument is
greater than zero, and I =0 elsewhere.

An inherent drawback of Monte Carlo procedures is the associ-
ated statistical uncertainty of the estimates due to the finite sample
size. One obvious way of reducing statistical uncertainty is to in-
crease the sample size. However, in many cases this may not be
very economical because there is a square root relationship (with
respect to the variance) between the estimated error and the sample
size. A way to circumvent an impractical or infeasible sample size
is to change or distort the original problem in such a manner that
the uncertainty in the estimate of the result is reduced in the area
of major interest. Such procedures are called variance reduction
techniques.!”:!" For example, the widely applied so-called impor-
tance sampling technique uses a sampling density function f;, (x)
that might differ considerablyfrom the original function fx (x). The
objectiveis to concentratethe distributionof the sample pointsin the
domain of major importance. This can be done without distorting
the original estimate by modifying the weight of the realization by
Sfx(x)/fy(x). For example, low probability quantities such as fail-
ure probabilities usually are estimated with the following unbiased
estimator:

Fy(y) =

Ngim

Nsim

pr==—2 105.D)) 3)
sim ;|
1 for vy, € Dy
I1(y;,D;) = ST 4
05> Dy) [0 else )

More advantageouslythey are determined by importance sampling:

R A fx(x))

1(y;, D 5
Nim j=1 fh(xj) (yj f) ( )

Pr=

where the sampling density fj,(x) is selected such that a consider-
able part of the generated sample falls within the failure domain D ;.
The joint probabilitydensity functions can hereby be determined us-
ing the Nataf model.'>'3 However, it is not a straightforward task
in all cases to determine a suitable, i.e., optimal, sampling density
function.!* Especially in cases where the relation between the in-
put vector X; and the response vector ¥; is not clear cut, it may
be rather difficult to establish a suitable sampling density. This dif-
ficulty can be avoided, at least partially, by utilizing an adaptive
importance sampling procedure.® The efficiency of the adaptive
sampling procedure depends very much on the number of random
variables involved; in other words on the dimension of the vector
x. In realistic problems, considerable effort is required to keep the
number of random variables as small as possible. Sensitivity analy-
ses and parameter studies may be used to achieve this goal.

B. Uncertainty Modeling Utilizing Commercial
Finite Element Packages

To utilize commercial FE packagesin an MCS without significant
changes in the internal structure of the FE analysis part, three steps
have to be performed: 1) generation of samples (preprocessing), 2)
loop of ngy, distinct FE analysis runs, and 3) evaluation of results
(postprocessing).

These steps are implemented in almost independent programs
and organized by a surrounding shell. Note that the FE data are
simply modified for the MCS. This has the advantage that they do
not have to be exported through an interface, which is often difficult,
especially for larger structures.

It is clear that the aforementioned way of direct MCS is a very
time-consumingprocedure. As the statistical error of the simulation
decreases only with an increasing number of simulations, for a high
accuracy of the results, many simulations,i.e., FE computations,are
necessary. To reduce the extremely time-consuming computational
effort, either the simulation part has to be reformulated such that
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only the region of interestis covered, or the computation of the finite
element part has to be accelerated. The first idea leads to advanced
MCS, as described earlier.

A concept for the reduction of computer time within the FE part
in the case of linear dynamic analysis is indicated in Ref. 16. The
problem of interestis how to reduce the computational time to solve
repeatedly the eigenvalue problem of linear dynamics,

K;pij = ijM ;i (6)

where ¢; and A, are the kth eigenvectorand eigenvalue of the jth
simulation realization, respectively.

To avoid the repeated setup of the matrices, one may assume that
the influence of the random variables on the mass M and stiffness
K matrices can be approximated by a first-order Taylor series, i.e.,

ry

M; =M+ ) oy AM, 7
i=1
with
oM X —
MO:M(MXi)v AM[:UXI"aT s ()[U:J—X
ilpxi OXi
(8)

where M is the reference mass matrix, obtained using the mean
values px; of the considered random variables X;, and AM; is the
differential matrices. The relations for the stiffness matrix are anal-
ogous.

A major reduction in computational time can be achieved if these
truncated Taylor series are transformed to a reduced, generalized
space. This is possible if we assume that only the first few modes
are of interest. For this purpose, the eigenvalue problem of the refer-
encesystemis solvedfor the firstn,,,4ec modes,leadingto a truncated
eigenvectormatrix I' = [y1, . .., Viyoses |- By pre- and postmultipli-
cation of the series with this truncated matrix, i.e., M = I'"MT,
one obtains the reduced matrix

nry
M; =M+ a;AM, )
i=1

Because I' is the mode matrix of the reference system (K, agd
M,), the preceding multiplication results in diagonal matrices K
and M,. However, the differential matrices AM; and AK; are not
diagonal. Thus in each simulationrealizationthe reducedeigenvalue
problem

K6 = M ;M ;6,, kell,..., Rnodes] (10)
has to be solved, resulting directly in the eigenvalues A; of the
system. The eigenvectors ; are assembled in the matrix ®;. The
modes ®; of the jth simulation are simply obtainable by the back
transformation

@, =T0,; (11)

Note that for large systems the solution of the eigenvalueproblem
is computationally the most crucial part of the solution. Once a
reduced set of eigenvectors and eigenvalues is available, one can
easily proceed to evaluate the dynamic response of the system due
to dynamic loading as described in textbooks such as Ref. 17.

C. Reliability Analysis Using the Stochastic Finite
Element Method (COSSAN)

The computation of the reliability of a structure in terms of the
probability of failure generally requires the evaluation of the multi-
dimensional integral'!

pr={ fx(x)dx (12)
Dy

where fy denotesthe joint probability density function of the vector
of random variables X. The integrationhas to be performed over the
failure domain D, which is usually bounded by means of the limit
state function,

gX)=0 (13)

By convention, g(X) is defined as follows:

<0 failure (14)
>0 safe state

g(X) =[

For small and simple, mostly academic, types of structuralproblems,
it is often possible to analytically compute the limit state function.
However, if the model consists of more than a few degrees of free-
dom or if it shows complex behavior, an explicitlimit state function
can be derived in very few cases only.’ Usually, g(X) = 0 can only
be computed pointwise for such structures.

At this stage, the RSM may be advantageously employed to fit a
suitable interpolation function through these points, which is then
used instead of the actual limit state function to compute p ;. From
the point of view of mathematical tractability, polynomials are the
first choice. Because a linear function cannot account for interac-
tions between two random variables and, therefore, possibly ne-
glects significant contributions to the probability of failure, second-
order polynomials are often used, i.e.,

g(X):a—i—ib,-x,-—i—iicuxixj (15)

i=1 i=1j=1

Lowercase letters represent realizations, e.g., x;, of a random vari-
able X;, stored at location i in the random vector X. To obtain all
coefficients (except a) of the second-order polynomial (15) from a
determined system of equations,

an (an + 1)
2

interpolation points are necessary. Because the determinationof the
limit state points is by far the computationally most expensive task
in the whole reliability analysis, the amount of computational effort
may reach the magnitude of direct MCS if the number of random
variables to be considered is high. However, if only a few random
variables are important, the response surface method is a promising
tool forreliabilityanalysis.Its weak pointmay be seen in the fact that
the error cannot be quantified without knowing the real limit state
function. However, in most practical cases, it should be sufficiently
smooth and convex to keep the errors low.

Consider now the matrix equation of motion for a nonlinear, dy-
namically excited structure,

Mii + R, u) = F() (17

n,=ny+

(16)

which must be solved repeatedly to compute points on the limit
state. In the most general case, the mass matrix M, the vector of
restoring forces R, and the applied forces F include randomness.
To account for structural randomness with spatial correlation, the
SFEM which is based on the random field concept, is employed.
Random fields are a suitable tool to model the spatially correlated
stochasticity of structural parameters. A random field H(&, 1, ¢)
is a continuous function in terms of the geometric coordinates &,
n, and ¢, whereas the finite element method, by its principle, is a
discrete method. Hence, the random field must also be discretized
into a set of random variables H;.

The integration point method allows such a discretization, which
combines accuracy of representation with the advantages of point
discretizationmethods,* '® i.e., the random field is discretized at the
finite element integration points,

H; = Hy(&i, mi, &),

The correlationin space is described by the autocorrelationfunction
Ry y of the random field. An important parameter of Ry is the
correlationlengthly (Ref. 19). If I, representingthe measure for the
spatial correlation,is sufficientlylong,i.e., if the mutual dependency
of two values at two random field points with a fixed distanceis high,
the midpoint method proves to be adequate.* In the latter case, n;y
would be the number of considered elements.

Because discretization of a random field generally produces a
large number of random variables, the efficiency of the applica-
tion of the RSM requires a significant reduction of the number of
random variables. To obtain uncorrelated Gaussian variables, a two-
step transformation of the vector of original random variables, H,
with joint cumulative distribution function Fy (h) is employed. If

i=1,..., nm (18)
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H is not normally distributed, the Nataf model'>''? is used for a
transformation to the correlated Gaussian space, i.e.,

Z; = ' [Fy (H)] (19)

The applicationof this model is based on the assumption that Fjy (k)
can be described by its marginal distribution functionsand that Z is
jointly Gaussian. To perform a transformationto uncorrelated Gaus-
sianrandom variables X;, the correlationmatrix C is decomposed
by the solution of a standard eigenvalue problem,

Cyz = ‘.PZSCSS‘.PQ; (20)

The correlationmatrix Cyy is a diagonal matrix, where the diagonal
elements, Css(i, 1), represent the variances of the random variables
S;. Arranging these elements according to their value, it can be
seen that, except for very short correlation lengths, a few random
variables S suffice to describe the fluctuations of the random field to
a high degree of accuracy. Hence, random variables with relatively
small variances may be disregardedin the furtherreliabilityanalysis.
After generatingsamples, the back transformationis then performed
by consideringthe n,, mostimportantrandom variables with respect
to the random field description by

Z= "IIZS.,,WS,,W (21)

and if the originalrandom variables are non-Gaussian,subsequently
by

hi = Fi![®6 ()], P=1,... i (22)

If a random dynamic loading is applied to the structure, or if the
structure exhibits nonlinear behavior, sensitivity analyses in terms
of principal component analysis may be utilized to further reduce
the number of random variables to be considered by comparing
their influence on the response of the structure* Despite identical
variance, the influence of two random variables S; and S; on the
response may be differentdue to amplification or weakening effects.
These effects may be caused by the respective boundary conditions
and the degree of similarity between the shape of the random field
and, for example, the eigenvectorshapesof a structure. For the static
load case, however, an additional sensitivity analysis would require
too much computational effort.

To determine points on the limit state function, which will be
approximated by a second-order polynomial [Eq. (15)], two out of
the n,, random variables are considered at a time. All other ran-
dom variables are kept at their mean value. After a limit state cri-
terion is defined, the values of these two random variables are now
adapted by means of a modified bisection method until the limit
state is approached with sufficient accuracy. For every adaptation,
the response of the system has to be evaluated by a stochastic fi-
nite element computation in the Monte Carlo sense; i.e., a random
field realization is generated, the structural matrices are set up, and
the resulting equation of motion is solved in a quasideterministic
manner for this sample.

III. Numerical Examples and Results
A. General Remarks

Three typical examples from spacecraft structural design are
shown in this section. The first example compares deterministic
considerationswith the much more sophisticatedprobabilisticanal-
ysis of a sandwich plate on which different items are mounted.
The second example shows one of the probabilistic analyses with
a small satellite structure. For both examples the engineering tool
ASKA_RV? is utilized.

The third example shows an application of the SFEM in com-
bination with the RSM. A polar-mounted fuel tank with thickness
variations is presented. All calculations for this example are per-
formed by means of the code COSSAN.?

B. Devices on a Sandwich Plate

Ten boxes containing either electronic devices or small experi-
mental setups are accommodated on a sandwich plate with 1.0-m
edge length. The model is shown in Fig. 1. One of the experiments
contains a pump causing harmonic excitation at three different fre-
quencies, each having an amplitude of 1.0 N in x and z directions

Table1 Assumed variations of the sandwich plate example

Coefficient of

Input variable Distribution Mean variation, %
Young’s modulus Uniform 2 x 10'° N/m? 25
face sheet
Edge support rotational Normal 1 x 10* Nm/rad 10
stiffness
Young’s modulus plate Uniform 6 x 10'° N/m? 8
box 5
Beam inertia box 5 Normal 6x 1078 m* 10
Beam inertia box 8 Normal 14 x 1077 m* 10
Beam inertia box 10 Normal 14 x 1077 m* 10
Plate Model
Boxes 8,9,10
11 | 1 |
[ 1 1 = -
Il | et 00t IS o an
Box §
11
1 Box
T [ 1 Models

Z
r \\t/'
i N
I
T 1

Fig. 1 Sandwich plate with 10 experiment boxes.

(phase lag: 90 deg). Interface forces an accelerations in the z di-
rection at the excitation source shall be calculated. Furthermore, z
accelerations at interfaces of boxes 8, 9, and 10 are of interest.

The first eigenfrequencyof the sandwichplate is approximatelyat
40 Hz. Because of variations in the carbon fiber-reinforced plastics
face sheet stiffness, this value may vary. In addition the rotational
support stiffness at its edges is uncertain. All boxes have eigen-
frequencies above 100 Hz. They are represented by simple models
consisting of one plate and four beam elements (see Fig. 1). Vari-
ations in the beam properties are assumed for boxes 5, 8, and 10.
The plate of box 5, accommodating the pump, is modeled using four
plate elements. The stiffness uncertainty is reflected in the defined
range for the Young’s modulus of the plate. Finally, the excitation
frequency may vary +2%. Therefore, three intervals are selected
in the frequency response calculation: 65-67, 108-112, and 216~
224 Hz. For each interval the response at the center and its bound-
aries is calculated. Eigenfrequencies are added if identified within
the intervals. All results presented next correspond to the highest
response value at three or more excitation frequenciesin each inter-
val. The assumed random parameters (the variations are obtained
from Ref. 20) are listed in Table 1.

At the beginning of the study, an MCS with 250 simulations is
performed. From this, using correlation plots, we evaluate which of
the random variables affects which particular result. By doing so, it
is found that because the box 5 plate has no eigenfrequenciesbelow
100 Hz, its stiffness is not correlated with the interface force.

On the other hand, the sandwich plate stiffness has a significant
influence (although the linear correlation coefficient c_xy is rather
small). It can be seen in Fig. 2 that the extreme force at 66 Hz is
strongly related to the face sheet stiffnessof the sandwichplate. The
largest values are found in the interval range in the marked region.
However, the number of points in this interval is not sufficient yet to
derive a force level with low failure probability,e.g., py =3 x 1072,
Therefore another 200 simulations are performed using importance
sampling. For the face sheet’s Young’s modulus a uniform sampling
density function is selected in a limited interval from 12.9 x 10°
to 14.8 x 10° N/m?. Based on the additional simulation results and
using as the failure conditionthe case that the interfaceforce exceeds
2.39 N, the probability of failure can be estimated as 3.8 x 10~ with
a statistical error of 9.3 x 1073, In comparison, in a deterministic
analysis using the mean values of the random variables, where the
interfaceforceis calculatedas 1.78 N and then multiplied by a factor
of safety of 1.5 (as is often used in spacecraft design), one would
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Fig.2 Correlation of 66-Hz interface force and sandwich plate Young’s
modulus (box 5).
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Fig. 3 Correlation of box 9 interface acceleration and sandwich plate
Young’s modulus.

identify a design interface force of 112% of the value obtained by
importance sampling (2.39 N).

As mentioned earlier, the interface accelerationsat the boxes 8, 9,
and 10 are also of interest. Here it is found that at such a frequency,
where responses depend very much on local modes, the accuracy of
deterministic FE analyses is limited. The results from an MCS are
discussed later.

Correlation plots as shown in Fig. 3 are typical for all boxes.
It is found that the face sheet stiffness of the sandwich panel has a
stronginfluenceon the results. The waveformin the correlationplots
is obtained because several resonance modes could shift towards the
excitation frequencyif the sandwich panel changesits stiffness. Fig-
ure 3 shows the extreme interface acceleration obtained at box 9.
Again importance sampling is applied to calculate an acceleration
level that is exceeded with a probability of 3 x 1073, Another 200
simulations are performed with a uniformly distributed face sheet’s
Young’s modulus in an interval of 19.9 x 10° to 21.5 x 10° N/m?.
The desired acceleration level is found to be 2.87 m/s> with a
probability of failure of p, =2.98 x 10~ and a statistical error
of 7.8 x 107, Again the result is compared with a deterministic
analysis using the mean values of the random variables. Here, the
acceleration is 2.51 m/s?, which when multiplied with a factor of
safety of 1.5 yields 3.77 m/s? as a design acceleration.

Both examples indicate that the currently used factor of safety
of 1.5 is rather conservative. However, the situation would change
considerablyif the nominal face sheet stiffness would drop to 70%
ofits original value. In the deterministicanalysis the interface accel-
eration at box 9 would reduce to 0.74 m/s?. If the uncertainty level
would be maintained, a factor of safety would not be sufficient for
a design with a low failure probability. This shows clearly that the
currently used global safety factor in some cases may either over-
or underestimate the response. A probabilistic analysis as shown
here, however, may reflect the physical phenomenon more accu-
rately. The overall computationtime of 1.5 h for the simulation with
200 samples seems to be acceptable for the practicing engineer.

Table2 Parts of the small demonstration spacecraft

Part Material
Central cylinder Honeycomb cylinder
Lower floor Honeycomb plate
Upper floor Honeycomb plate
Outer panels Honeycomb plates
Solar arrays Two stacks

Shear panels Honeycomb plates

Table3 Assumed variations of the satellite example

Coefficient of

Input variable Distribution ~ Mean, mm variation, %
Face sheets central cylinder Normal 0.60 10
Face sheets shear walls Normal 0.30 3
Face sheets lower floor Normal 0.50 10
Face sheets Y panels Normal 0.30 10

Antenna
Reciever,

Fig.4 Model of the small demonstration spacecraft.

C. Small Demonstration Spacecraft

As a second example a small demonstration spacecraft is used.
Frequency response functions are evaluated, especially with the ob-
jective of identifying the reliability of the serviceability criteria of
one of the antennas. The parts are similar to real spacecraft parts as
listed in Table 2 and sketched in Fig. 4

Four propellanttanks are modeled as lumped masses attached on
strutsto the central cylinder. Furthermore secondary structuralitems
such as antennas, reaction wheels, batteries,and electronicboxes are
modeled. The dynamic behavior of this FE model is representative
for this type of telecommunicationsatellite.

Itis assumed that the appliedrandom variables as listed in Table 3
are not correlated, as the productionprocess as well as the materials
differ from each other.

The excitation at the launcher interface is a prescribed sinusoidal
accelerationof 1 g. The frequency response is calculated within the
range 1-50 Hz. A modal damping coefficient of 2% is introduced
for all modes.

The conditionof failure shall be the loss of the serviceability of an
antenna. This occursif the local accelerationof the receiveris higher
than 115 g. The deterministic analyses show that this event may
happenin the frequencyrange of 45-50 Hz. Therefore the maximum
accelerationin this range has been chosen as a response request.

In a first step a direct MCS is performed, where all mentioned
variables were used. The results show a strong correlation of the
face sheet thickness of the lower floor with the maximum ampli-
tude, whereas the other random variables seem to have no influ-
ence. However, it can be seen in Fig. 5 that the failure event occurs
in the tail region of the distribution of the maximum acceleration.
Therefore the sample size is insufficient, and the importance sam-
pling technique has to be applied. The sampling mean value of the
face sheet thickness distribution of the lower floor is shifted to 0.6
mm. This value has been selected from correlation plots. The stan-
dard deviation of the sampling is changed to 0.01 mm (it was 0.05
mm before). The result of this procedure is shown in Fig. 6. (Note
that the > signs denote the 115-g mark.) The probability that the
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Correlation Plot with 200 Sampl.

140 | ¢ _xy= 0.9091
. ®
5 120} . %; .
N 3
T ‘e
o 100} v g®’
[Tel o & LIPS
Lfl) 0% e o
~ >3 t‘;}
g 80f RSt NG
< o 23 TN
) ES 48
s 60f ago PGE ©
= ® oo o0 o f
L3N PR
40 t °
0.000313485  0.00044052  0.000567555  0.00069459

Face Sheet Lower Floor [m]

Fig.5 Correlation of the lower floor face sheet thickness with the ex-
treme acceleration at the receiver.
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Fig. 6 Result of the small demonstration spacecraft analysis.

acceleration of the receiver exceeds 115 g can then be estimated to
py = 1.9 x 107? with a statistical error of 0.5%.

Finally, note that the straightforward simulation procedure for
the solution of this problem takes about 7 h for a sample size of
200. However, by applying the reduction technique as presented in
Sec. I1.B, the computation time can be reduced to 1 h with similar
accuracy.

D. Fuel Tank Model

Finally, a typical example for the application of random fields in
the field of spacecraftdesign is the model of a fuel tank exposed to
internal pressure. A model of a fuel tank as shownin Fig. 7 is consid-
ered for the following numerical studies. The tank consists of three
parts,i.e., two spherical parts with radius of 0.5 m and wall thickness
t, = 1 mm, which are connected by one cylindrical part with radius
of 0.5 m, length of 0.2 m, and wall thickness 7. =2 mm. The model
is discretized using three-node shell elements with six degrees of
freedom per node and 26 integration points.® Each half-sphere is
modeled with 900, the cylinder with 1536 elements. The model has
10,020 active degrees of freedom. The tank is polar mounted. Axial
expansion is not suppressed.

The load on the tank is assumed to be caused by internal pressure.
It is assumed that the tank is made of titanium, with a Young’s
modulus of 1.052 x 10'" N/m?, a Poisson ratio of 0.33, and a yield
stress of 3.9 x 10% N/m?.

During this investigation, the only parameter that is consideredto
vary randomly is the tank wall thickness. At this stage the uncertain-
ties of all other parameters, like Young’s modulus or the yield stress,
are neglected. The uncertain thickness of the model is expressed by
the applicationof random fields, exemplified in Fig. 7 for the cylin-
der part. Note that the values of the random field sample are shown
in an amplified form and added to the nodal coordinates in terms
of displacements perpendicularto the surface of the tank. This has

/?f

Fig.7 FE model of a polar-mounted fuel tank. A random field is visu-
alized as displacements on the cylinder part.

been done using a special kind of random field for visualization
purposes only.

Three different, statistically dependent, isotropic, homogeneous
and zero mean random fields are used, one for the cylinder part
and one for each half-sphere. The dependence is such that one ran-
dom variable influences all fields at the same time correspondingto
the production process, where all parts are produced by the same
machine. For instance, the variability of the wall thickness of the
cylinderis described by

16,1, 8) =ty [1 4+ Ho(§, 1, 8)] (23)

where 1, . is the mean value and H, the random field defined for the
elements of the cylinder. An autocorrelation function of an expo-
nential type is used to model the spatial correlation of the random

fields, i.e.,
Ryu ZUZIH exp(—@> (24)

Iy

where

€l Z\/(Ei =)+ —n)*+ (& —¢))? (25)

is the absolute distance between two points of a random field.

Each random field is characterizedby a coefficient of variation of
1%, i.e., a standard deviation of oz = 0.01 X £, and a correlation
length of [;; =0.5 m. The midpoint method was used because the
correlation length is sufficiently large in comparison to the element
size. With this correlation length and for the given FE model, the
three most important uncorrelated Gaussian random variables, as
obtained by means of the transformations (19) and (20), account
for approximately 60-70% of the random field’s fluctuations (see
Fig. 8).

As the limit state criterion, the exceeding of the so-called max-
imum acceptable stress equal to the deterministic yield stress is
chosen. Using this model, one can calculate the reliability of the
structure, conditional on the assumption of randomness only in the
thickness of the tank. In a first investigationwith three random vari-
ables, the pressure was varied until a target failure probability of
Py~ 107 or lower was reached. During this investigation it was
found that the failure probability is quite sensitive to the loading.
Meaningful results were then obtained for an internal pressure of
pi =12.15 x 10° Pa. Using this value for the deterministic compu-
tation as well as the mean values of the thickness, a maximum stress
of §=3.74 x 10® N/m? results for the given loading conditions.
This value is only 4.2% below the yield stress of the material.

Depending on the number of important uncorrelated Gaussian
random variables that are considered for determination of points on
the limit state function, the resulting probability of failure varies
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Table 4 Probability of failure vs number of random variables
(RVs) per random field and CPU time approximately required
on a workstation HP 9000 735

Number of RVs: 2 3 4 5
CPU time, days —_ 1.9 2.8 4.5
Py X 1077 1.39 1.82 2.12 3.10
Statistical error, % 2.0 3.5 3.6 2.8
Number of points 5 9 14 20

100
90 5
80
704
60
504
40
304
20
10
0 e
0 2 4 6 8 1012 14 16 18 20
Number of Random Variables

Random Field Description in %

Fig. 8 Percentage of random field description vs number of random
variables.

between 1.39 and 3.1 x 10~7. However, all calculations yield the
same order of magnitude. Table 4 gives an overview of the results
using a different number of random variables per random field.

To compute one point on the limit state, on a workstation of
type HP 9000 735, approximately 5 h of CPU time were required.
The time is required mainly for solving repeatedly the stochastic
finite element equation system. In contrast to this, the need of CPU
time for the application of the response surface and the calculation
of the failure probability is negligible. Hence, the analysis with five
random variables takes more than four days.

Finally, note that the high computation time is caused by the size
of the system matrices and not by the application of the random
field model. However, the discretization of the random field models
demandsalmostthe same portionof storagecapacity of the computer
as the FE model itself. Hence, for practical purposes the number of
random fields in a model as well as the number of importantrandom
variables that reflect them must be considered carefully.

IV. Conclusions

Two differentapproachestoward modeling of uncertainty applied
to spacecraftstructures are shown in this study. Based on the results,
the following conclusions are obtained.

The first approach is to use MCS techniques for the stochastic
analysis of the structure. Direct MCS is applied to obtain some in-
formation on the correlation between the applied random variables
and the structural response and thus to identify important regions
where failure could occur. The results of the examples show that
the obtained correlation structures cannot be reflected well by cor-
relation coefficients to automatically evaluate important regions.
In the identified important region a manually adjusted importance
sampling procedure is performed to calculate failure probabilities.
Moreover, a conceptis described to reduce the computational effort
in case of large linear structures. Two examples are presented for
this approach (in this case both are analyzed using ASKA_RV; how-
ever, the approach is easy to extend to other types of FE packages).
1) A sandwich panel with differentelectronicboxes and experiments
is applied to compare deterministic reasoning with a probabilistic
analysis. 2) One part of the dynamic analysis of a small demon-
stration spacecraft is presented. It is found that this approach is
convenientto be applied by design engineers and at the same time
is extremely versatile due to its simplicity.

The second approach utilizes the response surface method to de-
scribe the limit state functionbetween the safe domain and the failure
domain. This methodin combinationwith the random field approach
of stochastic finite elements allows for a good estimation of failure

probabilities. The methods are integrated in the software environ-
ment COSSAN. This is basically an all-in-one software, i.e., it al-
lows for direct interaction between different fields of analysis,e.g.,
FE and probabilisticparts, respectively. Furthermore, COSSAN has
also a user interface that enables direct access to numerical values
during the analysis. As an example the model of a fuel tank with
internal pressure is treated.
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